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ALMOST HYPERCOMPLEX MANIFOLDS WITH
HERMITIAN-NORDEN METRICS AND 4-DIMENSIONAL
INDECOMPOSABLE REAL LIE ALGEBRAS DEPENDING ON
TWO PARAMETERS
HRISTO MANEV
Abstract. The object of investigations are almost hypercomplex structures
with Hermitian-Norden metrics on 4-dimensional Lie groups considered as
smooth manifolds. There are studied both the basic classes of a classification
of 4-dimensional indecomposable real Lie algebras depending on two param-
eters. Some geometric characteristics of the respective almost hypercomplex
manifolds with Hermitian-Norden metrics are obtained.
Introduction
The almost hypercomplex structure H on a 4n-dimensional manifold M4n is a
triad of anticommuting almost complex structures such that each of them is a com-
position of the two other structures. The introduced structure H is equipped with
a metric structure of Hermitian-Norden type, generated by a pseudo-Riemannian
metric g of neutral signature [6, 7]. In the considered case, one of the almost
complex structures of H acts as an isometry with respect to g in each tangent
fibre and the other two act as anti-isometries. Therefore, there exist three (0,2)-
tensors associated with H to the metric g: a Ka¨hler form and two metrics of the
Hermitian-Norden type. In the considered case, on the one hand g is a Hermitian
metric with respect to J1 and on the other hand g is a Norden metric regarding
J2 and J3. The derived structure is called an almost hypercomplex structure with
Hermitian-Norden metrics.
The geometry of the considered manifolds is investigated in [6, 7, 9, 10, 11, 12, 15].
This type of manifolds are the only possible way to involve Norden-type metrics on
almost hypercomplex manifolds. In [1, 2, 8, 13, 16, 18], there are studied similar
structures and metrics on Lie groups considered as manifolds.
The present paper is organized as follows. In Sect. 1 we recall some facts about
the almost hypercomplex manifold with Hermitian-Norden metrics. In Sect. 2
we construct almost hypercomplex structure with Hermitian-Norden metrics on
4-dimensional Lie groups considered as smooth manifolds. The last Sect. 3 and
Sect. 4 are devoted to the study of some geometric characteristics of both of the
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basic classes of a classification of 4-dimensional indecomposable real Lie algebras
depending on two parameters.
1. Preliminaries
1.1. Almost hypercomplex manifolds with Hermitian-Norden metrics.
Let (M, H) be an almost hypercomplex manifold, i.e. M is a 4n-dimensional
differentiable manifold and H = (J1, J2, J3) is an almost hypercomplex structures
on M with the following properties for all cyclic permutations (α, β, γ) of (1, 2, 3):
Jα = Jβ ◦ Jγ = −Jγ ◦ Jβ , J2α = −I,
where I denotes the identity.
Let g be a neutral metric on (M, H) having the properties
(1.1) g(·, ·) = εαg(Jα·, Jα·),
where
εα =
{
1, α = 1;
−1, α = 2; 3.
Here and further, α runs over the range {1, 2, 3} unless otherwise is stated.
The associated 2-form g1 and the associated neutral metrics g2 and g3 are de-
termined respectively by
(1.2) gα(·, ·) = g(Jα·, ·) = −εαg(·, Jα·).
The derived structure (H,G) = (J1, J2, J3; g, g1, g2, g3) on M4n is called an al-
most hypercomplex structure with Hermitian-Norden metrics and the respective
manifold (M, H,G) is called an almost hypercomplex manifold with Hermitian-
Norden metrics ([7]).
In [7] are introduced the fundamental tensors of a manifold (M, H,G) by the
following three (0, 3)-tensors
Fα(x, y, z) = g
(
(∇xJα) y, z
)
=
(∇xgα) (y, z) ,
where ∇ is the Levi-Civita connection generated by g. These tensors have the basic
properties
(1.3) Fα(x, y, z) = −εαFα(x, z, y) = −εαFα(x, Jαy, Jαz)
and the following relations are valid for all cyclic permutations (α, β, γ) of (1, 2, 3)
Fα(x, y, z) = Fβ(x, Jγy, z)− εαFγ(x, y, Jβz).
The corresponding Lee forms θα are defined by
θα(·) = gklFα(ek, el, ·)
for an arbitrary basis {e1, e2, . . . , e4n} of TpM, p ∈M.
Let us remark that, according to (1.1), (M,H,G) is an almost Hermitian man-
ifold with respect to J1 and it is an almost complex manifold with Norden metric
with respect to J2 and J3. The basic classes of the mentioned two types of manifolds
are given in [5] and [3], respectively. The special class of the Ka¨hler-type manifolds
W0(Jα) : Fα = 0 belongs to any other class in the corresponding classification. In
the lowest 4-dimensional case, the four basic classes of almost Hermitian manifolds
with respect to J1 are restricted to two: the class of the almost Ka¨hler manifolds
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W2(J1) and the class of the Hermitian manifolds W4(J1) which, for dimension 4,
are determined by:
W2(J1) : S
x,y,z
{
F1(x, y, z)
}
= 0;
W4(J1) : F1(x, y, z) = 1
2
{g(x, y)θ1(z)− g(x, J1y)θ1(J1z)
−g(x, z)θ1(y) + g(x, J1z)θ1(J1y)} ,
(1.4)
where S is the cyclic sum by three arguments x, y, z. The basic classes of the
almost complex manifolds with Norden metric (α = 2 or 3) are determined, for
dimension 4, as follows:
W1(Jα) : Fα(x, y, z) = 1
4
{
g(x, y)θα(z) + g(x, Jαy)θα(Jαz)
+g(x, z)θα(y) + g(x, Jαz)θα(Jαy)
}
;
W2(Jα) : S
x,y,z
{
Fα(x, y, Jαz)
}
= 0, θα = 0;
W3(Jα) : S
x,y,z
{
Fα(x, y, z)
}
= 0.
(1.5)
As it is well known, the Nijenhuis tensor in terms of the covariant derivatives of
Jα is defined by N(x, y) = (∇xJα)Jαy − (∇yJα)Jαx + (∇JαxJα) y − (∇JαyJα)x.
The following properties for N are valid:
(1.6) N(x, y) = −N(y, x) = −N(Jαx, Jαy).
The corresponding (0,3)-tensor is determined as N(x, y, z) = g (N(x, y), z).
Let R = [∇,∇]−∇[ , ] be the curvature (1,3)-tensor of ∇ and the corresponding
curvature (0, 4)-tensor with respect to the metric g be denoted by the same letter:
R(x, y, z, w) = g(R(x, y)z, w). The following properties are valid:
(1.7)
R(x, y, z, w) = −R(y, x, z, w) = −R(x, y, w, z),
R(x, y, z, w) +R(y, z, x, w) +R(z, x, y, w) = 0.
The Ricci tensor ρ and the scalar curvature τ for R as well as their associated
quantities are defined as usually by:
ρ(y, z) = gijR(ei, y, z, ej), ρ
∗(y, z) = gijR(ei, y, z, Jαej),
τ = gijρ(ei, ej), τ
∗ = gijρ∗(ei, ej), τ∗∗ = gijρ∗(ei, Jαej).
Every non-degenerate 2-plane µ with a basis {x, y} with respect to g in TpM ,
p ∈M , has the following sectional curvature
k(µ; p) =
R(x, y, y, x)
g(x, x)g(y, y)− g(x, y)2 .
A 2-plane µ is said to be holomorphic (resp., totally real) if µ = Jαµ (resp., µ ⊥
Jαµ 6= µ) with respect to g and Jα.
2. Four-dimensional indecomposable real Lie algebras and almost
hypercomplex structure with Hermitian-Norden metrics
Let L be a simply connected 4-dimensional real Lie group admitting an invariant
hypercomplex structure, i.e. left translations by elements of L are holomorphic with
respect to Jα for all α. Let l be the corresponding Lie algebra of L.
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We define a standard hypercomplex structure on l as in [17]:
J1e1 = e2, J1e2 = −e1, J1e3 = −e4, J1e4 = e3;
J2e1 = e3, J2e2 = e4, J2e3 = −e1, J2e4 = −e2;
J3e1 = −e4, J3e2 = e3, J3e3 = −e2, J3e4 = e1,
where {e1, e2, e3, e4} is a basis of a 4-dimensional real Lie algebra l with center z
and derived Lie algebra l′ = [l, l].
We introduce a pseudo-Euclidian metric g of neutral signature by
g(x, y) = x1y1 + x2y2 − x3y3 − x4y4,
where x(x1, x2, x3, x4), y(y1, y2, y3, y4) ∈ l. The metric g generates an almost hy-
percomplex structure with Hermitian-Norden metrics on l, according to (1.1) and
(1.2) and (L,H,G) is an almost hypercomplex manifold with Hermitian-Norden
metrics.
The real 4-dimensional indecomposable Lie algebras are classified for instance by
Mubarakzyanov in [14]. They can be found easily in [4], where there are given the
non-zero brackets in each class according a basis {e1, e2, e3, e4}. Now, we focus our
investigations on the basic classes g4,5 and g4,6 of this classification which depend
on two real parameters a and b:
(2.1) g4,5 : [e1, e4] = e1, [e2, e4] = ae2, [e3, e4] = be3, (a 6= 0, b 6= 0)
(2.2) g4,6 : [e1, e4] = ae1, [e2, e4] = be2 − e3, [e3, e4] = e2 + be3, (a 6= 0, b ≥ 0)
Further, the indices i, j, k, l run over the range {1, 2, 3, 4}.
3. The class g4,5
Let us consider a manifold (L,G,H) with corresponding Lie algebra from g4,5.
We compute the basic components (Fα)ijk = Fα(ei, ej , ek). The non-zero of
them are the following and their equal ones by (1.3)
(3.1)
(F1)113 = (F2)112 = − 12 (F3)111 = 1,
(F1)214 = (F3)212 = − 12 (F2)222 = −a, (F2)314 = (F3)313 = b.
The only non-zero components (θα)i = (θα)(ei) of the corresponding Lee forms are
(3.2) (θ1)3 = a+ 1, (θ2)2 = 2a+ b+ 1, (θ3)1 = −(a+ b+ 2).
Theorem 3.1. Let (L,H,G) be an almost hypercomplex manifold with Hermitian-
Norden metrics with Lie algebra from the class g4,5. It belongs to a certain class
regarding Jα given in the following table, where are distinguished the different cases
concerning the parameters a and b.
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a b J1 J2 J3
−1 1 W2 W2 W1 ⊕W2 ⊕W3
−1 −1 W2 W1 ⊕W2 ⊕W3 W2
−1 6= ±1 W2 W1 ⊕W2 ⊕W3 W1 ⊕W2 ⊕W3
1 1 W4 W1 W1 ⊕W2
1 −3 W4 W2 ⊕W3 W2 ⊕W3
1 6= 1; 6= −3 W4 W1 ⊕W2 ⊕W3 W1 ⊕W2 ⊕W3
6= ±1 1 W2 ⊕W4 W1 ⊕W2 W1 ⊕W2 ⊕W3
− 13 − 13 W2 ⊕W4 W2 ⊕W3 W1 ⊕W2
− 12 (b + 1) 6= −3; 6= − 13 W2 ⊕W4 W2 ⊕W3 W1 ⊕W2 ⊕W3
b 6= ±1; 6= − 13 W2 ⊕W4 W1 ⊕W2 ⊕W3 W1 ⊕W2
−b− 2 6= −1; 6= −3 W2 ⊕W4 W1 ⊕W2 ⊕W3 W2 ⊕W3
6= 0 6= 0 W2 ⊕W4 W1 ⊕W2 ⊕W3 W1 ⊕W2 ⊕W3
Proof. Using the results in (3.1), (3.2) and the classification conditions (1.4), (1.5)
for dimension 4, we proof the assertion in each case. 
The non-zero basic components (Nα)ijk = Nα(ei, ej, ek) of the Nijenhuis tensor
N for Jα are
(3.3)
(N1)132 = (N1)231 = 1− a, (N2)123 = (N2)231 = 1− b,
(N3)123 = (N3)132 = a− b
and the rest of them are calculated using (1.6).
There are computed the basic components Rijkl = R(ei, ej, ek, el) of the cur-
vature tensor R. The non-zero of them are the following and their equal ones by
(1.7)
(3.4)
R1221 = a, R1313 = b, R1414 = 1,
R2323 = ab, R2424 = a
2, R3443 = b
2.
We obtain the basic components ρjk = ρ(ej , ek), (ρ
∗
α)jk = ρ
∗
α(ej , ek), the values
of τ , τ∗α, τ
∗∗
α and kij = k(ei, ej):
(3.5)
ρ11 = a+ b+ 1, ρ22 = a(a+ b+ 1),
ρ33 = −b(a+ b+ 1), ρ44 = −(a2 + b2 + 1),
(ρ∗1)12 = a, (ρ
∗
1)34 = b
2, (ρ∗2)13 = b,
(ρ∗2)24 = a
2, (ρ∗3)14 = −1, (ρ∗3)23 = ab,
τ = 2(a2 + b2 + ab+ a+ b+ 1), τ∗1 = τ
∗
2 = τ
∗
3 = 0,
τ∗∗1 = 2(a+ b
2), τ∗∗2 = 2(a
2 + b), τ∗∗3 = 2(ab+ 1),
k12 = a, k13 = b, k14 = 1,
k23 = ab, k24 = a
2, k34 = b
2.
Theorem 3.2. Let (L,H,G) be an almost hypercomplex manifold with Hermitian-
Norden metrics with Lie algebra from the class g4,5. The following characteristics
are valid:
(1) An (L,H,G) has vanishing Nijenhuis tensor if and only if a = b = 1;
(2) Every (L,H,G) is non-flat;
(3) Every (L,H,G) has a positive scalar curvature;
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(4) Every (L,H,G) is ∗-scalar flat;
(5) An (L,H,G) is ∗∗-scalar flat w.r.t. J1 if and only if a = −b2;
(6) An (L,H,G) is ∗∗-scalar flat w.r.t. J2 if and only if b = −a2;
(7) An (L,H,G) is ∗∗-scalar flat w.r.t. J3 if and only if ab = −1;
(8) An (L,H,G) has a positive basic holomorphic sectional curvatures w.r.t.
J1 if and only if a > 0;
(9) An (L,H,G) has a positive basic holomorphic sectional curvatures w.r.t.
J2 if and only if b > 0;
(10) An (L,H,G) has a positive basic holomorphic sectional curvatures w.r.t.
J3 if and only if ab > 0;
(11) An (L,H,G) has a positive basic totally real sectional curvatures if and only
if a > 0 and b > 0.
Proof. By virtue of (3.3), (3.4) and (3.5), we establish the truthfullness of the
statement. 
4. The class g4,6
In this section we focus our investigations on a manifold (L,G,H) with corre-
sponding Lie algebra from g4,6.
By similar way as the previous section, we obtain the following results:
(4.1)
(F1)323 = (F2)223 = −(F3)213 = (F3)334 = 12 (F2)322 = 1
(F1)223 = (F2)314 = (F3)234 = (F3)313 =
1
2 (F2)222 = b,
(F1)113 = (F2)112 = − 12 (F3)111 = a,
(θ1)2 = (θ2)3 = − 12 (θ3)4 = 1,
(θ1)3 = − 12 (θ3)1 = a+ b, (θ2)2 = a+ 3b,
(4.2)
(N1)132 = (N1)231 = (N2)123 = (N2)231 = a− b,
(N1)133 = (N1)234 = −(N2)122 = −(N2)144 = −1,
R1221 = R1313 = ab, R1231 = a, R1414 = a
2, R2323 = b
2 + 1,
R2424 = b
2 − 1, R2434 = 2b, R3443 = 2− b2,
ρ11 = a(a+ 2b), ρ22 = −ρ33 = b(a+ 2b),
ρ23 = a+ 2b, ρ44 = −(a2 + 2b2 − 2),
(ρ∗1)13 = −(ρ∗2)12 = 12 (ρ∗3)11 = a, (ρ∗1)24 = −(ρ∗2)34 = 12 (ρ∗3)44 = −2b,
(ρ∗1)12 = (ρ
∗
2)13 = ab, (ρ
∗
1)34 = (ρ
∗
2)24 = b
2 − 1,
(ρ∗3)23 = b
2 + 1, (ρ∗3)14 = −a2,
τ = 2(a2 + 3b2 + 2ab− 1), τ∗1 = τ∗2 = 0, τ∗3 = 2(a+ 2b),
τ∗∗1 = τ
∗∗
2 = 2(b
2 + ab− 1), τ∗∗3 = 2(a2 + b2 + 1),
k12 = k13 = ab, k14 = a
2, k23 = b
2 + 1, k24 = k34 = b
2 − 1
and the rest nonzero of them we calculate using (1.3), (1.6) and (1.7).
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Theorem 4.1. Let (L,H,G) be an almost hypercomplex manifold with Hermitian-
Norden metrics with Lie algebra from the class g4,6. Then (L,H,G) belongs to the
class
(W2 ⊕W4)(J1) ∩ (W1 ⊕W2 ⊕W3)(J2) ∩ (W1 ⊕W2)(J3)
for each a 6= 0, b ≥ 0. Moreover, (L,H,G) does not belong to neither of W2, W4
for J1; W1, W2, W3, W1 ⊕W2, W1 ⊕W3, W2 ⊕W3 for J2; W1, W2 for J3.
Proof. Using the results in (4.1) and the classification conditions (1.4), (1.5) for
dimension 4, we proof the assertions. 
Theorem 4.2. Let (L,H,G) be an almost hypercomplex manifold with Hermitian-
Norden metrics with Lie algebra from the class g4,6. The following characteristics
are valid:
(1) Every (L,H,G) has vanishing Nijenhuis tensor w.r.t. J3;
(2) Every (L,H,G) is non-flat;
(3) An (L,H,G) is scalar flat if and only if a = −b±√1− 2b2, (b ∈ [0;
√
2
2 ]);
(4) Every (L,H,G) is ∗-scalar flat w.r.t. J1 and J2;
(5) An (L,H,G) is ∗-scalar flat w.r.t. J3 if and only if a = −2b;
(6) An (L,H,G) is ∗∗-scalar flat w.r.t. J1 and J2 if and only if a = b−1 − b,
(b 6= 0);
(7) Every (L,H,G) has a positive ∗∗-scalar curvature w.r.t. J3;
(8) An (L,H,G) has positive (resp., negative) basic holomorphic sectional cur-
vatures w.r.t. J1 and J2 if and only if a > 0 and b > 1 (resp., a < 0 and
0 < b < 1);
(9) Every (L,H,G) has a positive basic holomorphic sectional curvatures w.r.t.
J3;
(10) An (L,H,G) has positive basic totally real sectional curvatures w.r.t. J1
and J2 if and only if a > 0 and b > 1;
(11) An (L,H,G) has positive (resp., negative) basic totally real sectional curva-
tures w.r.t. J3 if and only if a > 0 and b > 1 (resp., a < 0 and 0 < b < 1).
Proof. By virtue of (4.2), we establish the truthfulness of the statement. 
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